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Lagrangian mechanics of massless superparticle
on AdS4 × CP
3 superbackground
D.V. Uvarov1
NSC Kharkov Institute of Physics and Technology,
61108 Kharkov, Ukraine
Abstract
Massless superparticle model is considered on the OSp(4|6)/(SO(1, 3) × U(3)) su-
percoset manifold and in the AdS4 ×CP
3 superspace. In the former case integrability
of the equations of motion is rather obvious, while for the AdS4×CP
3 superparticle we
prove integrability in the partial κ−symmetry gauge for which 4 anticommuting coor-
dinates related to the broken conformal supersymmetry are set to zero. This allows us
to propose expression for the Lax pair that may encode complete equations of motion
for the AdS4 × CP
3 superparticle.
1 Introduction
Aharony-Bergman-Jafferis-Maldacena (ABJM) correspondence [1] identifying D = 3 N = 6
superconformal Chern-Simons-matter theory with U(N)k×U(N)−k gauge symmetry and M-
theory on AdS4× (S
7/Zk) background belongs to the family of AdS/CFT dualities [2]. The
distinctive feature of ABJM correspondence as compared to the AdS5/CFT4 one – the most
notable member of the family – is non-maximal supersymmetry of the dual theories. So the
AdS4×(S7/Zk) background of 11d supergravity preserves 24 of 32 supersymmetries, the same
amount of supersymmetry has the AdS4 × CP
3 background of D = 10 IIA supergravity [3],
[4], [5] that arises in the limit k5 ≫ N ≫ 1. This fact limits straight-forward generalization
of the results obtained for the AdS5/CFT4 correspondence to the ABJM duality case and
issues new challenges.
Even the construction of the IIA superstring action on AdS4 × CP
3 superbackground
required non-trivial efforts. The group-theoretic supercoset approach [6], initially elabo-
rated to construct the IIB superstring on AdS5 × S5 superspace, gives only part of the
AdS4 ×CP
3 superstring action that is described by the OSp(4|6)/(SO(1, 3)× U(3)) sigma-
model [7], [8]2. Application of the supercoset approach is based on the isomorphism between
the OSp(4|6)/(SO(1, 3)× U(3)) supercoset manifold and the subspace of AdS4 × CP
3 su-
perspace parametrized by 10 space-time and 24 anticommuting coordinates associated with
the unbroken supersymmetries of the background. The full-fledged AdS4 × CP
3 superspace
parametrized additionally by 8 Grassmann coordinates related to the broken space-time
supersymmetries cannot be described as a supercoset manifold. A way to recover its super-
geometry is the reduction of that for the maximally supersymmetric AdS4 × S7 superspace,
isomorphic to the OSp(4|8)/(SO(1, 3)×SO(7)) supercoset manifold, using the Hopf fibration
realization of the 7-sphere S7 = CP3×S1 [4], [5]. Accordingly it was suggested in [7] that the
complete AdS4×CP
3 superstring action can be obtained by the double-dimensional reduction
[10], [11] of the AdS4 × S7 supermembrane [12]. Geometric constituents of the AdS4 × CP
3
superspace were found and applied to the construction of complete superstring action in
1E-mail: d uvarov@hotmail.com
2Alternative approach to constructing the OSp(4|6)/(SO(1, 3) × U(3)) sigma-model action uses pure
spinor variables [9].
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[13]3. Its structure, however, appears to be complicated highly non-linear. Attempts [14],
[15] to simplify it by appropriate choice of gauges for local symmetries, in particular, the
κ−symmetry have not resulted so far in a simple enough gauge-fixed action. The similar
situation occurred with the AdS5 × S5 superstring [16], [17], [18], [19].
The renewed impetus to exploring the AdS5/CFT4 correspondence was the discovery
[20] of the integrability of AdS5×S5 superstring equations of motion supported by unveiling
integrable structure in the dual N = 4 super-Yang-Mills theory [21] (see [22] for a recent
review). The integrability of equations of motion for the OSp(4|6)/(SO(1, 3)×U(3)) sigma-
model [7], [8] is the straight-forward generalization of that for the AdS5 × S5 superstring4.
This allowed to work out corresponding algebraic curve [26] and all-loop Bethe equations
[27], [28].
Non-trivial problem is an extension of the integrable structure to the complete AdS4×CP
3
superstring case. Evidence supporting the possibility of such an extension was given in
[29], [30]. Since the Lax connection encoding the OSp(4|6)/(SO(1, 3)× U(3)) sigma-model
equations takes value in the osp(4|6) isometry superalgebra and is presented as the linear
combination of osp(4|6) Cartan forms it is reasonable to suggest that the Lax connection for
the AdS4×CP
3 superstring is a generalization of that for the sigma-model by the contribu-
tions of fermionic coordinates related to 8 broken supersymmetries and their differentials.
The authors of [30] succeeded in extending the OSp(4|6)/(SO(1, 3) × U(3)) sigma-model
Lax connection by linear and quadratic terms in those ’broken’ fermions with its curvature
turning to zero on the AdS4 × CP
3 superstring equations up to quadratic order also. Ob-
tained expression suggests that complete Lax connection for the AdS4×CP
3 superstring has
a rather complicated form.
In [31] based on the isomorphism between the osp(4|8) superalgebra and D = 3 N = 8
superconformal algebra we proposed to use the κ−symmetry gauge freedom to single out
4 minimal 1
4
fractions of broken supersymmetries described by SL(2,R) (anti)Majorana
fermions associated with the generators of broken Poincare and conformal supersymme-
tries.5 This allows to introduce a minimal extension of the OSp(4|6)/(SO(1, 3) × U(3))
sigma-model. In the case when in the sector of broken supersymmetries there have been
gauged away all the coordinates except for the SL(2,R) Majorana spinor related to the
broken Poincare supersymmetries6 we have shown that the corresponding extension of the
OSp(4|6)/(SO(1, 3)× U(3)) sigma-model is classically integrable with the Lax connection
whose curvature strictly equals zero and that coincides with the subsector of the Lax con-
nection found in [30]. Considering other κ−gauges that leave in the broken supersymmetries
sector two of more 1
4
fractions it might be possible to extend the OSp(4|6)/(SO(1, 3)×U(3))
sigma-model Lax connection by corresponding SL(2,R) (anti)Majorana coordinates. In par-
ticular, there are 6 ways to make up 1
2
fraction of broken supersymmetries. One can choose
anticommuting coordinates related to Poincare and conformal supersymmetries that satisfy
3The OSp(4|6)/(SO(1, 3)×U(3)) sigma-model action comes about upon partial κ−symmetry gauge fixing
of the AdS4×CP
3 superstring by setting to zero 8 Grassmann coordinates related to broken supersymmetries.
This constrains the range of application of the OSp(4|6)/(SO(1, 3)× U(3)) sigma-model [7], [13].
4In fact both models belong to the class of integrable sigma-models on supercoset manifolds with the
Z4−graded isometry superalgebras [23], [24], [25].
5Coordinates associated with the superconformal algebra generators were introduced in [32], [33], [34],
[19] to describe the string/brane models related to the maximally supersymmetric examples of AdS/CFT
correspondence.
6Allowing fermionic coordinates related to broken supersymmetries to be among the physical modes
relaxes restrictions on the superstring motions that arise for the OSp(4|6)/(SO(1, 3)× U(3)) sigma-model.
For instance the string configurations lying within the AdS4 part of the background that cannot be described
by the OSp(4|6)/(SO(1, 3)× U(3)) sigma-model can be considered in such a gauge.
2
(anti)Majorana condition. These two options are covered by the Kaluza-Klein gauge condi-
tion [31] characterized by vanishing of those summands in theAdS4×S
7 supervielbein bosonic
components in directions tangent to anti-de Sitter space-time that are proportional to the
differential of the S1 fiber coordinate dy. Two other possibilities correspond to choosing Ma-
jorana coordinate for the broken Poincare supersymmetries and anti-Majorana coordinate
for the broken conformal supersymmetries and vice versa. Finally one can consider uncon-
strained D = 3 fermion θµ and its conjugate θ¯µ associated with the generators of broken
Poincare supersymmetries or unconstrained spinors ηµ and η¯µ related to the generators of
broken conformal supersymmetries.7 In these four latter cases the AdS4 × S7 supervielbein
bosonic components tangent to AdS4 do have non-zero summands proportional to dy so that
the tangent-space Lorentz rotation needs to be performed to remove them in accordance with
the general prescription of the D = 10 supervielbein construction [10], [11].
So as a further step towards recovering the AdS4 ×CP
3 superstring integrable structure
one can consider the extension of the OSp(4|6)/(SO(1, 3)× U(3)) sigma-model by the θµ,
θ¯µ Grassmann coordinates associated with the broken Poincare supersymmetries. This case
combines reasonable simplicity with the possibility to probe those terms in the AdS4 ×CP
3
supervielbein that arise as a result of the Lorentz rotation. To simplify the matter as much
as possible we concentrate on the zero modes sector described by the massless superparticle
model.8 As a warm up we start with the superparticle on the OSp(4|6)/(SO(1, 3)× U(3))
supercoset space introduced in Ref. [8], derive the equations of motion and find their Lax rep-
resentation. Then we examine the case of superparticle on the AdS4×CP
3 superbackground
with ηµ, η¯µ coordinates gauged away and obtain the Lax representation for the equations
of motion in such a partial κ−symmetry gauge. This allows to make a prediction for the
form of the Lax pair of the superparticle in complete AdS4 × CP
3 superspace. We finish
by discussing what can be learnt on the AdS4 × CP
3 superstring Lax connection from the
superparticle Lax pair.
2 Massless superparticle on the OSp(4|6)/(SO(1, 3) ×
U(3)) supermanifold
2.1 osp(4|6) superalgebra, Cartan forms and Z4−grading
Taking an OSp(4|6)/(SO(1, 3)×U(3)) representative G , left-invariant osp(4|6) Cartan forms
in conformal basis [35] can be grouped as
C (d) = G −1dG = Cconf + Csu(4) + C24susys. (1)
The first summand introduces Cartan forms associated with the D = 3 conformal group
generators (D,Pm, Km, Gmn)
Cconf = ∆(d)D + ω
m(d)Pm + c
m(d)Km +G
mn(d)Mmn. (2)
Other bosonic Cartan forms are associated with the so(6) ∼ su(4) R−symmetry group
generators
Csu(4) = Ωa(d)T
a + Ωa(d)Ta + Ω˜a
b(d)V˜b
a + Ω˜a
a(d)V˜b
b. (3)
7These two options correspond to the κ−symmetry gauge conditions of Ref. [14] restricted to the ’broken’
fermions.
8It can be viewed as the mass-to-zero limit of the D0-brane on AdS4 × CP
3 superbackground [14].
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They have been divided into V˜b
a generators of the U(3) stability group of CP3 = SU(4)/U(3)
manifold and the su(4)/u(3) coset generators (Ta, T
a). The last summand in (1) includes
odd Cartan forms
C24susys = ω
µ
a (d)Q
a
µ + ω¯
µa(d)Q¯µa + χµa(d)S
µa + χ¯aµ(d)S¯
µ
a , (4)
where the generators of D = 3 N = 6 super-Poincare (Qaµ, Q¯µa) and conformal (S
µa, S¯µa )
supersymmetries carry SL(2,R) spinor index µ = 1, 2 and SU(3) (anti)fundamental rep-
resentation index a = 1, 2, 3 in accordance with the decomposition of SO(6) vector on the
SU(3) representations 6 = 3⊕ 3¯.
(Anti)commutation relations of the osp(4|6) superalgebra are known to be invariant un-
der 4-element discrete automorphism Υ that assigns different eigenvalues to the osp(4|6)
generators
Υ(g(k)) = i
kg(k), k = 0, 1, 2, 3 : [g(j), g(k)} = g(j+k)mod4. (5)
So that (1) can be written in the Z4−graded form
C (d) = C(0)(d) + C(2)(d) + C(1)(d) + C(3)(d), (6)
where
C(0)(d) = 2G
3m(d)M3m +G
mn(d)Mmn + Ω˜a
b(d)V˜b
a + Ω˜a
a(d)V˜b
b ∈ g(0),
C(2)(d) = 2G
0′m(d)M0′m +∆(d)D + Ωa(d)T
a + Ωa(d)Ta ∈ g(2),
C(1)(d) = ω(1)
µ
a(d)Q(1)
a
µ + ω¯(1)
µa(d)Q¯(1)µa ∈ g(1),
C(3)(d) = ω(3)
µ
a(d)Q(3)
a
µ + ω¯(3)
µa(d)Q¯(3)µa ∈ g(3).
(7)
In the above formulae we introduced the so(2, 3) algebra generators M0′m =
1
2
(Pm + Km),
M0′3 = −D, M3m =
1
2
(Km − Pm) and fermionic generators with definite Z4−grading
Q(1)
a
µ = Q
a
µ + iS
a
µ, Q¯(1)µa = Q¯µa − iS¯µa; Q(3)
a
µ = Q
a
µ − iS
a
µ, Q¯(3)µa = Q¯µa + iS¯µa. (8)
Associated bosonic
G0
′m(d) =
1
2
(ωm(d) + cm(d)), G3m(d) = −
1
2
(ωm(d)− cm(d)) (9)
and fermionic Cartan forms
ω(1)
µ
a(d) =
1
2
(ωµa (d) + iχ
µ
a(d)), ω(3)
µ
a(d) =
1
2
(ωµa (d)− iχ
µ
a(d)) (10)
and c.c. are used to work out the Lax representation for superparticle equations of motion.
Let us note that Cartan forms from C(2) and C(1,3) eigenspaces are identified with the bosonic
and fermionic components of OSp(4|6)/(SO(1, 3)× U(3)) supervielbein, while those from
C(0) eigenspace describe SO(1, 3)× U(3) connection.
2.2 OSp(4|6)/(SO(1, 3)×U(3)) superparticle action and equations of
motion
Massless superparticle action on the OSp(4|6)/(SO(1, 3)× U(3)) supercoset manifold [8]
Scoset =
∫
dτ
e
(Gτ
0′
mGτ
0′m +∆τ∆τ + ΩτaΩτ
a), (11)
4
constructed out of the world-line pullbacks of Cartan forms from the C(2) eigenspace, is
invariant under the Z4 automorphism and OSp(4|6) global symmetry acting as the left
group multiplication on G . Action variation w.r.t. the Lagrange multiplier e(τ) produces
the mass-shell constraint
Gτ
0′
mGτ
0′m +∆τ∆τ + ΩτaΩτ
a = 0. (12)
Since it is irrelevant to the subsequent discussion of the Lax representation for other (dy-
namical) equations of motion we set the Lagrange multiplier to unity. In this respect it can
be said that we consider a ’1d sigma model’.
To derive dynamical equations from (11) it is convenient to use the following general
relation for the variation of a 1-form
δG(d) = diδG+ iδdG (13)
and substitute in the second summand Maurer-Cartan equations for C(2) Cartan forms [35]
dG0
′m− 2G3m(d) ∧∆(d)− 2Gmn(d) ∧G0
′
n(d) + 2iω(1)
µ
a(d) ∧ σ
m
µν ω¯(1)
νa(d)
+ 2iω(3)
µ
a(d) ∧ σ
m
µν ω¯(3)
νa(d) = 0,
d∆+ 2G3m(d) ∧G0
′
m(d) + 2ω(1)
µ
a(d) ∧ ω¯(1)
a
µ(d)− 2ω(3)
µ
a(d) ∧ ω¯(3)
a
µ(d) = 0,
dΩa+ iΩb(d) ∧ (Ω˜ba(d) + δab Ω˜c
c(d))− 2iεabcω(1)
µ
b (d) ∧ ω(1)µc(d)
+ 2iεabcω(3)
µ
b (d) ∧ ω(3)µc(d) = 0.
(14)
Then taking the contractions of the Cartan forms (6) with the variation symbol iδ as inde-
pendent parameters yields the set of equations of motion
−1
2
δScoset
δG0′m(δ)
= dGτ
0′m
dτ
+ 2Gτ
mnGτ
0′
n + 2Gτ
3m∆τ = 0,
−1
2
δScoset
δ∆(δ)
= d∆τ
dτ
− 2Gτ 3mGτ 0
′
m = 0,
− δScoset
δΩa(δ)
= dΩτ
a
dτ
+ iΩτ
b(Ω˜τb
a + δab Ω˜τc
c) = 0;
−1
4
δScoset
δω¯
(1)
a
µ(δ)
= iGτ
0′mσ˜µνm ω(1)τνa +∆τω(1)τ
µ
a − iεabcΩτ
bω¯(1)τ
µc = 0;
−1
4
δScoset
δω¯
(3)
a
µ(δ)
= iGτ
0′mσ˜µνm ω(3)τνa −∆τω(3)τ
µ
a + iεabcΩτ
bω¯(3)τ
µc = 0
(15)
and c.c. equations9.
2.3 Lax representation for the OSp(4|6)/(SO(1, 3)×U(3)) superpar-
ticle equations of motion
Eqs. (15) admit the Lax representation
dl
dτ
+ [M, l] = 0 (16)
with M = Cτ determined by the pullback of Cartan forms (6) and
l = 2Gτ
0′mM0′m +∆τD + ΩτaT
a + Ωτ
aTa ∈ g(2). (17)
9We assume right derivative for fermions.
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Let us note the ambiguity in the definition of M . Instead of Cτ it can be defined as C(0)τ ⊕
C(1)τ ⊕C(3)τ . This ambiguity is resolved when the ’broken’ Grassmann coordinates are taken
into consideration in favor of the first possibility, i.e. M = Cτ .
Since l is determined by the Cartan forms that enter the superparticle action (11) one
can write it down in the form of a differential operator from g(2) eigenspace acting on the
action functional
l =
(
M0′m
∂
∂Gτ 0
′
m
+
1
2
D
∂
∂∆τ
+ T a
∂
∂Ωτ a
+ Ta
∂
∂Ωτa
)
Scoset. (18)
Below we shall observe how this Lax pair generalizes by inclusion of the ’broken’ fermions.
When the OSp(4|6)/(SO(1, 3)×U(3)) superparticle action is considered as arising from
that of the superparticle on AdS4×CP
3 superbackground in the partial κ−symmetry gauge
characterized by setting to zero 8 ’broken’ Grassmann coordinates there remain non-trivial
equations for those coordinates
Ωτaχ¯τ
µa = 0, Ωτaω¯τ
µa = 0 (19)
and c.c. They can be shown [36] to follow from the fermionic equations of the
OSp(4|6)/(SO(1, 3) × U(3)) superparticle so that all the independent equation of motion
are given by the system (15).10 This is not the case for other choices of the κ−gauge when
the fermionic coordinates associated with the broken supersymmetries are among the phys-
ical degrees of freedom.
3 Massless superparticle on the AdS4×CP
3 superback-
ground
3.1 AdS4 × S
7 superbackground, partial κ−symmetry gauge fixing
and reduction to D = 10
Geometric constituents of the AdS4×CP
3 superspace parametrized by all 32 Grassmann co-
ordinates can be derived from those of the AdS4×S7 superspace by means of the dimensional
reduction [13], [14]. The maximally supersymmetric AdS4 × S7 superspace is isomorphic to
the OSp(4|8)/(SO(1, 3)× SO(7)) supercoset manifold with the OSp(4|8) isometry super-
group. Hence the D = 11 supervielbein, connection and 4-form field strength are constructed
out of the osp(4|8) Cartan forms that can be presented in the AdS4×S7 or supermembrane
basis as
Gˆ
−1dGˆ = 2G0
′m′(d)M0′m′ + G
m′n′(d)Mm′n′ +Ω8I′(d)V8I′ +ΩI′J ′(d)VI′J ′ + F
αA′(d)OαA′, (20)
where Gˆ is an OSp(4|8)/(SO(1, 3)× SO(7)) representative. so(2, 3)/so(1, 3)⊕ so(8)/so(7)
Cartan forms are identified with the AdS4 × S
7 supervielbein bosonic components
Eˆm
′
(d) = G0
′m′(d), EˆI′(d) = Ω8I′(d), m
′ = 0, ..., 3; I ′ = 1, ..., 7 (21)
10Demonstrating that equations for the fermions associated with the broken supersymmetries constitute a
part of those for the OSp(4|6)/(SO(1, 3)× U(3)) superparticle/sigma-model provides necessary consistency
check of the corresponding κ−symmetry gauge condition. To leading order in the Grassmann coordinates
of the OSp(4|6)/(SO(1, 3)× U(3)) supermanifold this was shown in [29] and the general proof was given in
[36].
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and fermionic Cartan forms – with the supervielbein fermionic components F αA
′
(d) carrying
indices α = 1, ..., 4 of the Majorana spinor of Spin(1, 3) and A′ = 1, ..., 8 of one of the Spin(8)
chiral spinor representations. Other Cartan forms describe the so(1, 3)× so(7) connection.
Field strength of the 3-form potential takes the form
H(4) =
i
8
F αˆ ∧ gmˆnˆαˆ
βˆFβˆ ∧ Eˆmˆ ∧ Eˆnˆ +
1
4
εm′n′k′l′Eˆ
m′ ∧ Eˆn
′
∧ Eˆk
′
∧ Eˆl
′
, (22)
where gmˆnˆαˆ
βˆ stands for the antisymmetrized product of D = 11 gamma-matrices gmˆαˆ
βˆ
with mˆ = m′ ⊕ I ′ and αˆ = αA′, βˆ = βB′ being vector and spinor indices.11 D = 11
supervielbein bosonic components (21) and 4-form field strength (22) enter the AdS4 × S7
supermembrane action [12] that can be dimensionally reduced to the Type IIA superstring
action on AdS4 × CP
3 superspace [13].
Dimensional reduction to the AdS4 × CP
3 superspace is based on the Hopf fibration re-
alization of the 7-sphere S7 = CP3 × S1 [4], [5]. It requires identifying mutually commuting
su(4) and u(1) isometry algebras of CP3 and S1 respectively within the so(8) algebra of S7.
To this end the change of basis for the so(8) generators (V8I′, VI′J ′) needs to be performed [13],
[15]. The su(4) ∼ so(6) becomes the bosonic subalgebra of osp(4|6) isometry superalgebra
of the AdS4×CP
3 superbackground. 24 Fermionic generators of osp(4|6) superalgebra are in
one-to-one correspondence with the space-time supersymmetries of AdS4×CP
3 superspace.
They, as well as the generators of 8 supersymmetries broken by the AdS4 ×CP
3 superback-
ground, can be extracted from 32 fermionic generators of osp(4|8) superalgebra by acting
with the projection matrices [4], [13], whose form is determined by the Ka¨hler 2-form of CP3.
Particularly convenient realization for that tensor, in which these projectors diagonalize, is
in terms of D = 6 chiral gamma-matrices [37]. Further using the isomorphism between the
osp(4|8) superalgebra and D = 3 N = 8 superconformal algebra [15], decomposing D = 6
vectors and D = 8 spinors under SU(3) as 6 = 3 ⊕ 3¯ and 8 = 4 ⊕ 4¯ = (3 ⊕ 1) ⊕ (3¯ ⊕ 1¯)
allows to present (20) as
Gˆ
−1dGˆ = Cconf + Cso(8) + C32susys. (23)
The first summand
Cconf = ∆(d)D + ω
m(d)Pm + c
m(d)Km +G
mn(d)Mmn (24)
contains Cartan forms related to D = 3 conformal group generators similarly to (2). In
the above and subsequent relations we underline those osp(4|6) Cartan forms that ac-
quire dependence on 8 Grassmann coordinates associated with the broken supersymme-
tries and the S1 coordinate differential dy in addition to the coordinates parametrizing the
OSp(4|6)/(SO(1, 3)× U(3)) manifold. The second summand
Cso(8) = Ωa(d)T a + Ωa(d)Ta + Ω˜a(d)T˜ a + Ω˜a(d)T˜a
+ Ω˜a
b(d)V˜b
a + Ω˜b
b(d)V˜a
a + Ωa
4(d)V4
a + Ω4
a(d)Va
4 + h(d)H
(25)
introduces Cartan forms for the so(8) generators in the basis adapted for the Hopf fibration
realization of the 7-sphere. The generators (Ta, T
a, V˜b
a) form the su(4) ⊂ so(8) algebra (cf.
(3)). The generator H corresponds to the u(1) isometry of S1 commuting with su(4), while
remaining 12 generators parametrize the so(8)/(su(4)× u(1)) coset. Explicit expression for
those generators in terms of V8I′ = (V8a, V8
a, V87) and VI′J ′ = (V7a, V7
a;Va
b, Va
4, V4
a) is
11More details on the notation and spinor algebra can be found in [15].
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given by the relations [15], [31] 12
Ta =
1
2
(V7a − iV8a), T a = −
1
2
(V7
a + iV8
a), V˜a
b = Va
b − 1
2
δbaVc
c + 1
4
δbaV87;
H = V87 + 2Va
a; T˜a = −
1
2
(V7a + iV8a), T˜
a = 1
2
(V7
a − iV8
a).
(26)
Accordingly Cartan forms in this basis are expressed through Ω8I′ = (Ω8a, Ω8
a, Ω87) and
ΩI′J ′ = (Ω7a, Ω7
a; Ωa
b, Ωa
4, Ω4
a) that enter (20)
Ωa(d) = Ω7a −
i
2
Ω8a, Ω˜a(d) = −Ω7a −
i
2
Ω8a,
Ωa(d) = −Ω7a − i
2
Ω8a, Ω˜a(d) = Ω7a − i
2
Ω8a,
h(d) = 1
4
(Ω87 + 2Ωa
a), Ω˜a
b(d) = Ωa
b − 1
2
δbaΩc
c + 1
4
δbaΩ87.
(27)
Finally C32susys is the linear combination of odd generators divided into those corresponding
to unbroken (Qaµ, Q¯µa; S
µa, S¯µa ) and broken (Q
4
µ, Q¯µ4; S
µ4, S¯µ4 ) supersymmetries from the
AdS4 × CP
3 superbackground perspective
C32susys = ωµa(d)Q
a
µ + ω¯
µa(d)Q¯µa + ω
µ
4 (d)Q
4
µ + ω¯
µ4(d)Q¯µ4
+ χµa(d)S
µa + χ¯aµ(d)S¯
µ
a + χµ4(d)S
µ4 + χ¯4µ(d)S¯
µ
4 .
(28)
Then the D = 11 supervielbein bosonic components (21) are expressed through the Cartan
forms (24) and (25)
Eˆm
′
(d) =
(
1
2
(ωm(d) + cm(d)), −∆(d)
)
,
EˆI′(d) =
(
i(Ωa(d) + Ω˜a(d)), i(Ω
a(d) + Ω˜a(d)), h(d) + Ω˜a
a(d)
)
.
(29)
Similarly supervielbein fermionic components coincide with the Cartan forms (28).
Anticipating reduction to D = 10 explicit expressions for the AdS4 × S7 supervielbein
components can be conveniently written in terms of the osp(4|6) Cartan forms, the differ-
ential of S1 Hopf fiber coordinate dy and 8 Grassmann coordinates (θµ, θ¯µ, ηµ, η¯µ) for the
supersymmetries broken by the AdS4 × CP
3 superbackground. The OSp(4|8)/(SO(1, 3)×
SO(7)) representative Gˆ can be taken in the form of a OSp(4|6)/(SO(1, 3)×U(3)) element
’dressed’ by the S1 Hopf fiber coordinate and 8 ’broken’ fermions, e.g. as in [15], [31]
Gˆ = G eyHeθ
µQ4µ+θ¯
µQ¯µ4eηµS
µ4+η¯µS¯
µ
4 ∈ OSp(4|8)/(SO(1, 3)× SO(7)) (30)
that ensures the supervielbein independence on y, however, contributions proportional to dy
do arise for fermionic components of the supervielbein and bosonic ones in directions tangent
to the AdS4 space-time because of the structure of underlying osp(4|8) superalgebra.
Considerable simplification of the AdS4 × S7 supervielbein can be attained by partially
fixing κ−symmetry gauge freedom in the broken supersymmetries sector. In [31] we have
proposed the Kaluza-Klein κ−gauge characterized by vanishing of contributions proportional
to dy in the D = 11 supervielbein bosonic components that are tangent to D = 10 space-
time. Another possibility of simplifying the AdS4 × S7 supergeometry is to set to zero
12In Ref. [13] the so(8) generators adapted for the S7 Hopf fibration were given in conventional D = 6
vector basis and without specifying explicitly the Ka¨hler 2-form on CP3. However, natural realization of the
u(3) stability algebra of CP3 is provided by the generators V˜a
b in 3× 3¯ representation of SU(3). Associated
representation ofD = 6 vectors in 3⊕3¯ basis suggests the choice of the Ka¨hler 2-form such that its contraction
with the su(4) generators constructed out of D = 6 chiral gamma-matrices is given by the diagonal 4 × 4
matrix [37].
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Grassmann coordinates ηµ, η¯µ associated with the broken part of D = 3 N = 8 conformal
supersymmetry. In such a partial κ−symmetry gauge the AdS4 × S
7 supervielbein bosonic
components acquire the form13
Eˆm(d) = em(d) + 1
4
cm(d)θ2θ¯2 + dyGmy , Eˆ
11(d) = dy + Ω˜a
a(d) + cm(d)(θσmθ¯);
E3(d) = −∆(d), Ea(d) = i(Ωa(d) + 2χµa(d)θµ), Ea(d) = i(Ωa(d)− 2χ¯aµ(d)θ¯
µ),
(31)
where
em(d) = G0
′m(d)−
i
2
(
dθσmθ¯ + dθ¯σmθ + εmklGkl(d)(θθ¯)
)
(32)
and
Gmy = 2(θσ
mθ¯). (33)
We adopt the following notation for contractions of 2-component spinors (θσmθ¯) = θµσmµν θ¯
ν ,
(θθ¯) = θµθ¯µ etc. The presence of contributions proportional to dy necessitates the SO(1, 3)
Lorentz rotation to be performed in directions tangent to the Minkowski boundary of AdS4
and S1
(LEˆ)m(d) = LmnEˆ
n + Lm11Eˆ
11
(LEˆ)11(d) = L11mEˆ
m + L1111Eˆ
11 = ΦL(dy + AL),
(34)
where ΦL = e
2φ/3 is related to the D = 10 dilaton φ and AL is identified with the RR 1-form
potential. Lorentz rotation matrix
||L|| =
(
Lmn L
m
11
L11m L
11
11
)
∈ SO(1, 3) (35)
is defined by the requirement of removing the summand proportional to dy in (LEˆ)m, i.e.
LmnG
n
y + L
m
11 = 0. Explicit form of its entries is as follows
Lmn = (1− θ2θ¯2)δmn , L
m
11 = −2(θσmθ¯),
L11m = 2(θσmθ¯), L
11
11 = 1− 3θ2θ¯2.
(36)
Then (LEˆ)m is identified with theD = 10 supervielbein bosonic components Em in directions
tangent to the Minkowski boundary of AdS4 space-time
Em(d) = em(d)− 2Ω˜a
a(d)(θσmθ¯)−
7
4
G0
′m(d)θ2θ¯2 −
3
4
G3m(d)θ2θ¯2. (37)
The scalar superfield is given by the following expression
ΦL = 1 + 3θ
2θ¯2. (38)
Other bosonic components of the D = 11 supervielbein E3(d), Ea(d) and E
a(d) are not
affected by the Lorentz rotation and can be directly identified with the D = 10 supervielbein
bosonic components in the corresponding κ−symmetry gauge14.
13In what follows concentrating on the particular choice of the κ−symmetry gauge we retain the same
notation for the gauge-fixed expressions for D = 11 and D = 10 supervielbein components.
14Fermionic supervielbein components are transformed under the spinor version of the above Lorentz
rotation (see [13], [14], [15]). We do not discuss it here since the superparticle action is constructed out the
D = 10 supervielbein bosonic components only.
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3.2 AdS4×CP
3 superparticle action and equations of motion in the
partial κ−symmetry gauge
Superparticle action on the AdS4 × CP
3 superbackground
S =
∫
dτ
e
ΦL
(
EτmE
m
τ + E
3
τE
3
τ − EτaEτ
a
)
(39)
in considered partial κ−symmetry gauge by substituting expressions for the gauge-fixed
supervielbein bosonic components (37) and (31) is brought to the form
Sg.f. =
∫
dτ
e
[
eτme
m
τ − 4Ω˜τa
aeτm(θσ
mθ¯) + 6Ω˜τa
aΩ˜τb
bθ2θ¯2 − 1
2
Gτ
0′
mGτ
0′mθ2θ¯2
− 3
2
Gτ
0′
mGτ
3mθ2θ¯2 + ΦL(∆τ∆τ − EτaEτ a)
]
.
(40)
To derive equations of motion following from the action (40) analogously to the case of
superparticle on the OSp(4|6)/(SO(1, 3)×U(3)) supercoset manifold it is helpful to consider
as variation parameters the osp(4|6) Cartan forms with definite Z4−grading (6). Also we
set the Lagrange multiplier e to unity since the mass-shell constraint is not involved in the
Lax representation for the equations of motion. In such a way it is possible to get the set of
bosonic equations of motion
−1
2
δSg.f.
δG0′m(δ)
= d
dτ
Eτ
m + 2Gτ
m
nEτ
n + 2ΦLGτ
3m∆τ + iEτa(ω¯
a
τσ
mθ¯)− iEτ a(ωτaσmθ)
+ 2iεmkleτkGτ
0′
l(θθ¯)−
3
2
∆τGτ
0′mθ2θ¯2 = 0,
−1
2
δSg.f.
δ∆(δ)
= d
dτ
(ΦL∆τ )− 2Gτ3mEτm + iEτaχ¯τ
µaθ¯µ − iEτ aχτ
µ
aθµ
+ 3
2
Gτ
0′
mGτ
0′mθ2θ¯2 = 0,
−i
δSg.f.
δΩa(δ)
= d
dτ
(ΦLEτ
a) + iΦLEτ
b(Ω˜τb
a + δab Ω˜τc
c)− 4Ωτ aEτm(θσmθ¯)
− 2iεabcEτbχτ
µ
c θ¯µ = 0,
−i
δSg.f.
δΩa(δ)
= d
dτ
(ΦLEτa)− i(Ω˜τab + δbaΩ˜τc
c)ΦLEτb + 4ΩτaEτ
m(θσmθ¯)
− 2iεabcEτ bχ¯τ
µcθµ = 0,
(41)
where
Eτ
m = ΦLEτ
m −
7
4
Gτ
0′mθ2θ¯2 (42)
and D = 10 supervielbein components tangent to the CP3 manifold Ea(d), E
a(d) are given in
(31). Analogously fermionic equations arise from the variation w.r.t. Z4−graded fermionic
osp(4|6) Cartan forms
−1
4
δSg.f.
δω¯(1)aµ(δ)
= iEτ
mσ˜µνm ω(1)τνa + ΦL
[
∆τω(1)τ
µ
a − εabcEτ
b(ω¯(1)τ
µc + iθµχ¯τ
c
ν θ¯
ν)
]
+ 1
2
d
dτ
(
Eτaθ¯
µ
)
− i
2
(
Ω˜τa
b − δbaΩ˜τc
c
)
Eτbθ¯
µ + 1
4
Eτa
[
Gτ
mnθ¯νσmnν
µ
+ 2∆τ θ¯
µ + 2i(Gτ
0′m +Gτ
3m)σ˜µνm θ¯ν
]
− ieτmσ˜µνm ω(3)τνa(θθ¯)
− 2iω(3)τ
µ
aEτ
m(θσmθ¯) +
3i
4
Gτ
0′mσ˜µνm ω(3)τνaθ
2θ¯2 = 0;
(43)
−1
4
δSg.f.
δω¯(3)aµ(δ)
= iEτ
mσ˜µνm ω(3)τνa − ΦL
[
∆τω(3)τ
µ
a − εabcEτ
b(ω¯(3)τ
µc + iθµχ¯τ
c
ν θ¯
ν)
]
− 1
2
d
dτ
(
Eτaθ¯
µ
)
+ i
2
(
Ω˜τa
b − δbaΩ˜τc
c
)
Eτbθ¯
µ − 1
4
Eτa
[
Gτ
mnθ¯νσmnν
µ
+ 2∆τ θ¯
µ − 2i(Gτ 0
′m +Gτ
3m)σ˜µνm θ¯ν
]
+ ieτ
mσ˜µνm ω(1)τνa(θθ¯)
+ 2iω(1)τ
µ
aEτ
m(θσmθ¯) +
3i
4
Gτ
0′mσ˜µνm ω(1)τνaθ
2θ¯2 = 0.
(44)
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Observe that Eqs. (41)-(44) reduce to the equations of motion (15) for the superparticle on
the OSp(4|6)/(SO(1, 3)× U(3)) supermanifold when Grassmann coordinates θµ, θ¯µ are set
to zero. There are also 8 fermionic equations associated with the broken supersymmetries
δSg.f.
δθ¯µ
= −2iEτaχ¯τ
µa − i d
dτ
(Eτ
mσ˜µνm θν)− ieτ
m
(
σ˜µνm θ˙ν + θ
µεmklGτ
kl
)
− 4Ω˜τaa
[
Gτ
0′m − 2Ω˜τbb(θσmθ¯)
]
σ˜µνm θν + 6θ¯
µ(∆τ∆τ + ΩτaΩτ
a)θ2
− θ¯µGτ
0′
m(Gτ
0′m + 3Gτ
3m)θ2 − 3iΩ˜τa
a
(
˙¯θµθ2 − 2θ¯µ(θ˙θ)
)
= 0;
(45)
− 2iΦLEτa
[
ω¯τ
µa + iχ¯τ
µa(θθ¯)
]
− 2ieτmcτ n(θσnσ˜m)µ + 2i∆τ
(
θ˙µ − 2iΩ˜τaaθµ
+ 1
2
Gτ
mnθνσmnν
µ
)
− 2iθµ (eτmeτm −EτaEτ a) + (∆τ + 2iΩ˜τaa)cτmσ˜µνm θ¯νθ
2
+ 4Eτ
m(θσmθ¯)(θ˙
µ+ 1
2
Gτ
klθνσklν
µ)+6∆τGτ
0′mσ˜µνm θ¯νθ
2+ 21i
2
∆τ θ˙
µθ2θ¯2 = 0
(46)
and c.c. When θµ = θ¯µ = 0 these equations coincide with (19).
3.3 Lax representation for AdS4 × CP
3 superparticle equations of
motion in the partial κ−symmetry gauge
Similarly to equations of motion (15) for the superparticle on the OSp(4|6)/(SO(1, 3)×U(3))
supercoset space the system (41)-(46) also admits Lax representation
dL
dτ
+ [M,L] = 0 (47)
withM being the same as in (16) and L now taking value in the whole osp(4|6) superalgebra
rather than its g(2) eigenspace
L = Lso(2,3) + Lsu(4) + L24susys ∈ osp(4|6). (48)
The first term describes anti-de Sitter part of L
Lso(2,3) = 2
(
ΦLEτ
m−
7
4
θ2θ¯2Gτ
0′m
)
M0′m+ΦL∆τD+
3
2
θ2θ¯2Gτ
0′mM3m+i(θθ¯)ε
kmneτkMmn. (49)
The second summand in (48) belongs to the su(4) isometry algebra of CP3 manifold
Lsu(4) = −iΦL(EτaT
a + Eτ
aTa)− 4(θσmθ¯)Eτ
mV˜a
a. (50)
The contribution proportional to the osp(4|6) fermionic generators
L24susys = ε(1)
µ
aQ(1)
a
µ + ε¯(1)
µaQ¯(1)µa + ε(3)
µ
aQ(3)
a
µ + ε¯(3)
µaQ¯(3)µa, (51)
where
ε(1)
µ
a = ε(3)
µ
a = −
1
2
Eτaθ¯
µ, ε¯(1)
µa = ε¯(3)
µa =
1
2
Eτ
aθµ, (52)
by using (8) can be written simply as
L24susys = −Eτaθ¯
µQaµ + Eτ
aθµQ¯µa. (53)
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Lax connection (48) can be presented as an osp(4|6)−valued differential operator acting
on the superparticle action (40)
L =
(
M0′m
∂
∂Gτ 0
′
m
+ 1
2
D ∂
∂∆τ
−Mmn
∂
∂Gτmn
−M3m
∂
∂Gτ3m
+ T a ∂
∂Ωτ a
+ Ta
∂
∂Ωτa
+ V˜a
a ∂
∂Ω˜τbb
− 1
4
Q(1)
a
µ
∂
∂ω¯
(3)τ
a
µ
+ 1
4
Q¯(1)µa
∂
∂ω(3)τµa
+ 1
4
Q(3)
a
µ
∂
∂ω¯
(1)τ
a
µ
− 1
4
Q¯(3)µa
∂
∂ω(1)τµa
)
Sg.f.
(54)
generalizing corresponding expression (18) for the OSp(4|6)/(SO(1, 3)×U(3)) superparticle.
We suggest that complete equations of motion for the AdS4 × CP
3 superparticle that take
into account all 8 fermionic coordinates related to the broken space-time supersymmetries
are encoded in the same Lax representation (47) with L given by (54), where instead of Sg.f.
the complete action (39) should be substituted.
Let us mention that one can use the freedom in the definition of the Lagrange multiplier
e(τ) in the superparticle action (39) to ’absorb’ ΦL. In the considered partial κ−symmetry
gauge this amounts to the following substitution
−
1
2
Gτ
0′
mGτ
0′mθ2θ¯2 → −
7
2
Gτ
0′
mGτ
0′mθ2θ¯2 (55)
in the action (40). Corresponding equations of motion and the Lax pair are obtained from
(41)-(44) and (48)-(50) by setting ΦL = 1.
It is interesting to examine how integrable structure of the AdS4 × CP
3 superparticle is
related to that of the superstring. The Lax connection of the AdS4 × CP
3 superstring Li,
i = (τ, σ), is given by the sum
Li = L̂i + ∗L˜i, (56)
where the last term contains 2d Hodge dual of L˜i: ∗L˜i = εijγjkL˜k = γijεjkL˜k. Both
summands depend on the parameters ℓ1, ℓ2, ℓ3 and ℓ4 that are the same as those entering
the Lax connection of OSp(4|6)/(SO(1, 3) × U(3)) sigma-model [7], [8]. They satisfy the
constraints
ℓ21 − ℓ
2
2 = ℓ3ℓ4 = 1, (ℓ1 − ℓ2)ℓ4 = ℓ3, (ℓ1 + ℓ2)ℓ3 = ℓ4 (57)
that can be solved to recover dependence on a single spectral parameter, e.g. as follows
ℓ1 =
1
2
(
1
z2
+ z2
)
, ℓ2 =
1
2
(
1
z2
− z2
)
, ℓ3 = z, ℓ4 =
1
z
. (58)
The Lax connection (56) satisfies 2d zero curvature condition
∂σLτ − ∂τLσ − [Lτ ,Lσ] = 0. (59)
The superparticle limit amounts to dropping the dependence of the superspace coordinate
fields on the world-sheet space-like coordinate σ and taking z to unity. Since the Lax
connection carries 2d vector index only due to the world-sheet derivatives of the superspace
coordinate fields it follows that L̂σ = ∗L˜τ = 0. Using that L˜i has overall factor of ℓ2 [29],
[30] one can perform the rescaling and define
L = lim
z→1
1
ℓ2
∗ L˜σ, M = lim
z→1
L̂τ (60)
so that (59) transforms into the Lax representation (47) for the AdS4 × CP
3 superparticle
equations of motion. Reasoning in the opposite direction we conclude that, once the Lax
pair for the superparticle is known, this allows to recover dependence of the superstring
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Lax connection on the superspace coordinates (but not the dependence on the spectral
parameter) up to terms linear in ℓ2 for L̂i and quadratic in ℓ2 for L˜i. For L̂i this just
yields the corresponding part of OSp(4|6)/(SO(1, 3)× U(3)) sigma-model Lax connection
since the terms containing Grassmann coordinates related to the broken supersymmetries
are proportional to ℓ2 [29], [30], while for L˜i the superparticle limit preserves non-trivial
information on its dependence on the ’broken’ fermions.
4 Conclusion
For superstring models consistent zero-mode limit can be defined that is described by mass-
less superparticles. Superparticle mechanics is in general easier to analyze than that of
the corresponding superstring model since there survives only finite number of degrees of
freedom. That is why in this paper we addressed Lagrangian mechanics of the massless
superparticle on the OSp(4|6)/(SO(1, 3)× U(3)) supercoset manifold and AdS4 × CP
3 su-
perbackground. Because all OSp(4|6)/(SO(1, 3)× U(3)) supercoset coordinates can be as-
sociated with the (super)symmetries of the manifold, superparticle equations of motion,
although non-linear, are expressed in terms of the osp(4|6) Cartan forms and admit the Lax
representation implying their integrability.
The case of AdS4×CP
3 superparticle is more involved since the AdS4×CP
3 superspace is
additionally parametrized by 8 anticommuting coordinates for the broken supersymmetries
and is not isomorphic to a supercoset manifold. It is not apriori obvious that integrable
structure of the superparticle/superstring can be extended from the OSp(4|6)/(SO(1, 3)×
U(3)) supermanifold into the AdS4 × CP
3 superspace. First evidence that this is indeed
so was given in [29], [30], where the Lax connection of the OSp(4|6)/(SO(1, 3) × U(3))
sigma-model had been extended by linear and quadratic contributions of all 8 fermionic
coordinates associated with the broken supersymmetries. In Ref. [31] we proposed to use
the κ−symmetry gauge freedom to keep in the broken supersymmetries sector less degrees of
freedom that facilitates study of the integrable structure beyond the OSp(4|6)/(SO(1, 3)×
U(3)) supermanifold.
In the present pape we considered the case when 4 fermionic coordinates related to
broken part of conformal supersymmetry are gauged away so that there remain 4 coordinates
corresponding to broken Poincare supersymmetry. Equations of motion for the AdS4 ×CP
3
superparticle in such a partial κ−gauge have been derived and shown to be integrable. The
Lax pair includes contributions up to the 4th order in the ’broken’ fermions. It can be
expressed in terms of the differential operator that takes value in the osp(4|6) superalgebra
and acts of the superparticle action. We suggest that this form of the Lax pair is generic
one for the AdS4 × CP
3 superparticle, i.e. does not depend on a particular κ−symmetry
gauge choice. Proving it would establish the integrability of the AdS4 × CP
3 superparticle
and provide further evidence in favor of the integrability of complete equations of motion
for the AdS4 × CP
3 superstring that is important for identifying its spectrum. Finally we
explored the relation between the integrable structures of the superparticle and superstring
and found that from the Lax pair of the AdS4×CP
3 superparticle one can gain information
on the Hodge dualized part of the superstring Lax connection.
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